Abstract. Let (M, g(t)), 0 ≤ t ≤ T , ∂M = φ, be a compact n-dimensional manifold, n ≥ 2, with metric g(t) evolving by the Ricci flow such that the second fundamental form of ∂M with respect to the unit outward normal of ∂M is uniformly bounded below on ∂M × [0, T ]. We will prove a global Li-Yau gradient estimate for the solution of the generalized conjugate heat equation on M × [0, T ]. We will give another proof of Perelman's Li-Yau-Hamilton type inequality for the fundamental solution of the conjugate heat equation on closed manifolds without using the properties of the reduced distance. We will also prove various gradient estimates for the Dirichlet fundamental solution of the conjugate heat equation.
In [P] Perelman stated a differential Li-Yau-Hamilton type inequality for the fundamental solution of the conjugate heat equation on closed manifolds evolving by the Ricci flow. More precisely let M be a closed manifold with metric g(t) This result was used by Perelman to give a proof of the pseudolocality theorem in section 10 of [P] which more or less said that almost Euclidean regions of large curvature in closed manifold with metric evolving by Ricci flow remain localized. Perelman gave a sketch of the proof of (0.6) in [P] and a detailed proof of it using properties of reduced distance was later given by L. Nei [N3] . This result was generalized by L. Nei [N1] , [N2] , to the case of the linear heat equation and by A. Chau, L.F. Tam, and C. Yu [CTY] to complete manifold with uniformly bounded curvatures. Let (M, g(t)), 0 ≤ t ≤ T , ∂M = φ, be a compact n-dimensional manifold, n ≥ 2, with metric g(t) evolving by the Ricci flow such that the second fundamental form II of ∂M with respect to the unit outward normal ∂/∂ν of ∂M is uniformly bounded below on ∂M × [0, T ]. In this paper we will use a variation of the method of P. Li, S.T. Yau, [LY] and J. Wang [W] to prove a global Li-Yau gradient estimate for the solution of the generalized conjugate heat equation on such manifold with Neumann boundary condition.
We obtain a similar type of global gradient estimate for the solution of the generalized conjugate heat equation on closed manifold with metric evolving by the Ricci flow. As a consequence we obtain another proof of Perelman's Li-Yau-Hamilton type inequality for the fundamental solution of the conjugate heat equation on closed manifolds without using the properties of the reduced distance.
We will also prove various gradient estimates for the Dirichlet fundamental solution of the conjugate heat equation. Note that localized Li-Yau estimate for the conjugate heat equation on compact manifolds with metric evolving by the Ricci flow was also proved by S. Kuang and Q.S. Zhang in [KZ] . We refer the readers to the paper [H] by R.S. Hamilton for the recent results on Ricci flow and the book [CLN] by B. Chow, P. Lu and L. Ni for the basics of Ricci flow.
The plan of the paper is as follows. In section 1 we will prove a global Li-Yau gradient estimate for the solution of the generalized conjugate heat equation on compact manifolds with boundary and on closed manifolds. In section 2 we will give another proof of Perelman's Li-Yau-Hamilton type inequality on closed manifolds without using the properties of reduced distance. In section 3 we will generalize a result of Q.S. Zhang [Z] to local gradient estimates for the solutions of generalized conjugate heat equation. In section 4 we will prove the gradient estimates for the Dirichlet fundamental solution of the conjugate heat equation.
We start with some definitions. Let ∇ t and ∆ t be the covariant derivative and Laplacian with respect to the metric g(t). When there is no ambiguity, we will drop the superscript 2 and write ∇, ∆, for ∇ t , ∆ t , respectively. For any r > 0, x 0 ∈ M , 0 < t 1 ≤ t 0 ≤ T , let B r (x 0 ) be the geodesic ball with center x 0 and radius r with respect to the metric g(0) and Q r,t 1 (x 0 , t 0 ) = B r (x 0 ) × [t 0 − t 1 , t 0 ]. Let dV t be the volume element with respect to the metric g(t) and let V t x (r) = Vol g(t) (B r (x)), V x (r) = V 0 x (r). For any x 1 , x 2 ∈ M , let r(x 1 , x 2 ) be the distance between x 1 and x 2 with respect to the metric g(0).
We also recall a definition of R. Chen [C] . For any x ∈ M let r(x) be the distance of x from ∂M with respect to g(0). We say that ∂M satisfies the interior rolling R-ball condition if for for any p ∈ ∂M , there exists a geodesic ball B R/2 (q) ⊂ M with center at q ∈ M and radius R/2 respect to the metric g(0) such that {p} = B R/2 (q) ∩ ∂M .
Section 1
In this section unless stated otherwise, we will let (M, g(t)), 0 ≤ t ≤ T , ∂M = φ, be a compact n-dimensional manifold, n ≥ 2, with metric g(t) satisfying
where h ij (x, t) is a smooth family of symmetric tensors on M . We will assume that the second fundamental form II of ∂M with respect to the unit outward normal ∂/∂ν of ∂M and metric g(t) is uniformly bounded below by −H for all 0 ≤ t ≤ T and
for some constants H > 0 and k 0 > 0. Let u be a positive solution of
In this section we will prove a global Li-Yau gradient estimate for the solution of (1.3) on M × (0, T ). We start with an algebraic lemma. Lemma 1.1. Let A, B ∈ R, A ≥ 0, be constants satisfying B ≤ A/α for some constant α > 1. For any 0 < ρ < 1, let I(ρ) = (A − B) 2 − ρA 2 . Then there exists a constant ρ ∈ (0, 1) such that
Proof. We divide the proof into two cases. Case 1: B > 0. Then B 2 ≤ A 2 /α 2 . By direct computation for any 0 < σ < 1,
Case 2:
By case 1 and case 2 the lemma follows.
Theorem 1.2. There exists a constant R 0 > 0 such that if ∂M satisfies the interior rolling R-ball condition for some 0 < R ≤ R 0 , then for any α > 1 + H, 0 < δ < 1, there exists a constant C 1 > 0 depending on k 0 , H, α, δ and the space-time uniform bound of
Proof. We will use a modification of the argument of [CTY] , [LY] , and [W] to prove the theorem. Suppose ∂M satisfies the interior rolling R-ball condition for some 0 < R ≤ R 0 where R 0 > 0 is some constant to be determined later. By [C] there exists a
and f = log u. By [LY] and [CTY] , f satisfies
Then in normal coordinates
By (1.6),
Hence by (1.7) and (1.8),
By (1.9) and Young's inequality, for any 0 < δ < 1 there exist constants
and let R 0 ≤ R 1 . Then by the index comparison theorem (P.347 of [Wa] ) and an argument similar to that of [C] there exists a constant c 1 > 0 such that
(1.12) By (1.11), (1.12), and an argument similar to the proof of Lemma 1.3 of [Hs1] there exists a constant c 4 > 0 such that
Since ∆ t φ = 0 for any r(x) ≥ R 1 and 0 ≤ t ≤ T , by (1.13) there exists a constant c 5 > 0 such that
(1.14)
By (1.10) and (1.14),
. Then (1.5) holds and we are done. Hence we may assume without loss of generality that t 0 > 0. Suppose first x 0 ∈ ∂M . Since
Then the right hand side of (1.16) is strictly less than 0. Hence contradiction arises. Thus
By (1.6), (1.15), and (1.17), at (x 0 , t 0 ),
By an argument similar to that of P.382 of [W] ,
Then (1.5) holds and we are done. Hence we may assume without loss of generality that F (x 0 , t 0 ) ≥ 0. Then
at (x 0 , t 0 ). Let
.
Hence by (1.20) and (1.21),
( 1.22) By (1.18), (1.19) and (1.22), for any 0 < ρ < 1 there exists a constant
Let A = φ · (|∇f | 2 + 1) and B = f t + q. By Lemma 1.1 there exists a constant 0 < ρ < 1 such that (1.4) holds. By (1.4) and (1.23),
By replacing T by t in (1.24) for any t ∈ (0, T ] the theorem follows.
Corollary 1.3. Suppose ∂M is convex with respect to g(t) for all 0 ≤ t ≤ T . Then for any 0 < ε < 1 there exists a constant C 1 > 0 depending on k 0 , ε, and the space-time uniform bound of |h ij |, |∇ t h ij |, |q|, |∇ t q|, |∆ t q|, such that
Proof. (1.25) follows from (1.5) by setting α = 1 + ε + ε 2 and δ = H = ε 2 .
By an argument similar to the proof of Corollary 4.2 of [CTY] but with Theorem 1.2 replacing Lemma 4.1 of [CTY] in the proof there we get the following corollary. Corollary 1.4. Let R 0 > 0 be given by Theorem 1.2. Suppose ∂M satisfies the interior rolling R-ball condition for some 0 < R ≤ R 0 . Then for any α > 1 + H, 0 < δ < 1, there exist constants C 2 > 0, C 3 > 0, depending on k 0 , H, α, δ and the space-time uniform bound of |h ij |, |∇ t h ij |, |q|, |∇ t q|, |∆ t q|, such that
for any x 1 , x 2 ∈ M , 0 < t 1 < t 2 ≤ T , where
By an argument similar to the proof of Theorem 1.2 we have the following theorem.
Theorem 1.5. Suppose (M, g(t)), 0 ≤ t ≤ T , is a closed manifold with metric g(t) satisfying (1.1) and (1.2) for some smooth symmetric tensors h ij (x, t) on M × [0, T ] and constant k 0 > 0. Let u be the solution of
for some smooth function q(x, t) on M × [0, T ]. Then for any α > 1 there exist constants C 1 > 0, C 2 > 0, C 3 > 0, depending on k 0 , α, and the space-time uniform bound of |h ij |, |∇ t h ij |, |q|, |∇ t q|, |∆ t q|, such that (1.5) and (1.26) holds with δ = H = 0.
Section 2
In this section we will give another proof of Perelman's Li-Yau-Hamilton type inequality for the fundamental solution of the conjugate heat equation on closed manifolds without using the properties of the reduced distance. Let (M, g(t)), 0 ≤ t ≤ T , be a closed manifold with metric g(t) evolving by the Ricci flow (0.1). Let Z(x, t; y, s), 0 ≤ s < t ≤ T , be the heat kernel of M . Then ∀y ∈ M , 0 ≤ s < T , Z(·, ·; y, s) satisfies
and for any x ∈ M , 0 < t ≤ T , Z(x, t; ·, ·) satisfies
By an argument similar to the proof of Corollary 5.2 of [CTY] we have the following result.
Lemma 2.1. There exist constants C > 0 and D > 0 such that
Let p ∈ M and u(x, t) = Z(p, T, x, t). Then u satisfies (0.3) and (0.4) in M × (0, T ). As in [P] we let f , v, be given by (0.2) and (0.5) with τ = T − t. Let 0 ≤ h 0 ∈ C ∞ (M ), 0 < t 0 < T , and let h ≥ 0 be the solution of the heat equation
We next recall a result of Perelman [P] .
where τ = T − t.
Proof. We will use a modification of the technique of [CTY] to prove the lemma. By direct computation,
Note that
Since by the Schauder estimates [LSU] ,
By Theorem 1.5 for any α > 1 there exists a constant C 1 > 0 such that
By (2.2) and (2.5) we get (2.1) and the lemma follows.
By the same argument as the proof of Lemma 7.6 of [CTY] but with Lemma 2.1 replacing Corollary 5.2 of [CTY] in the proof there we get Lemma 2.4.
By (2.4), Lemma 2.3, and Lemma 2.4 we getLemma 2.5.
Theorem 2.6. (Corollary 9.3 of [P] ) (0.6) holds in M × (0, T ).
Proof. By Lemma 2.2 and Lemma 2.5,
and the theorem follows.
Section 3
In this section we will generalize a result of Q.S. Zhang [Z] to local gradient estimates for the solution of the generalized conjugate heat equation on compact manifolds.
Theorem 3.1. Let (M, g(t)), 0 ≤ t ≤ T , be a n-dimensional compact manifold, n ≥ 2, with metric g(t) satisfying (1.1) and (1.2) for some smooth family of symmetric tensors h ij (x, t) on M and constant k 0 > 0. Let u be a positive solution of
where q(x, t) is a smooth function on M × [0, T ]. Let x 0 ∈ M and t 0 ∈ (0, T ]. Then there exists a constant C 1 > 0 depending on k 0 and the space-time uniform bound of |h ij |, |q| and
Proof. We will use a modification of the proof of Theorem 3.1 of [Z] and Theorem 1.1 of [SZ] to prove the theorem. Suppose Q R,T 1 ⊂ M \ ∂M , 0 < R ≤ 1, and 0 < T 1 ≤ t 0 . Since (3.1) is invariant by rescaling u to u/A, we may assume without loss of generality that 0 < u ≤ 1 in Q R,T 1 (x 0 , t 0 ). As in [Z] let f = log u and
Since f satisfies (1.6), by a direct computation we have in normal coordinates,
By (3.1), (3.2), and (3.3),
Since f ≤ 0, by (3.4) there exist constants C 1 > 0 and C 2 > 0 depending on k 0 and the space-time uniform bound of |h ij |, |q| and |∇ t q| in Q R,T 1 (x 0 , t 0 ) such that
We choose a smooth nonnegative function φ : R → R, 0 ≤ φ ≤ 1, such that φ(r) = 1 for all r ≤ 1/2, φ(r) = 0 for all r ≥ 1, and φ ′ (r) ≤ 0 for all r ∈ R. For any
When there is no ambiguity, we will write r for r(x, x 0 ). Similar to the proof of Theorem 1.2 by (1.1) there exist constants c 2 > 0 and c 3 > 0 such that (1.12) holds in Q R,T 1 (x 0 , t 0 ). Then by (1.12),
for some constant C 3 > 0 and
for some constant C ′ 3 > 0. Similarly
for some constant C 4 > 0. By (1.2) and the Hessian comparison theorem [SY] ,
By (1.1), (3.9), and an argument similar to the proof of Lemma 1.3 of [Hs1] there exists a constant C ′ 4 > 0 such that
By (3.7) and (3.10),
for some constant C 5 > 0. By (3.6), (3.8) and (3.11), there exists a constant C 6 > 0 such that
T 2 1 .
(3.14)
Similarly,
By (3.12) and an argument similar to the proof of Theorem 3.1 of [Z] ,
by (3.13), (3.14), (3.15) and (3.16),
for some constant C 8 > 0. Suppose the function ψw attains its maximum on the set Q R,T 1 at the point (x 1 , t 1 ) ∈ Q R,T 1 . Similar to [LY] and [Z] we may assume without loss of generality that x 1 is not a cut point of x 0 with respect to the metric g(0). Then at (x 1 , t 1 ), ∇(ψw) = 0, ∂ t (ψw) ≥ 0, ∆(ψw) ≤ 0. Hence the left hand side of (3.17) is ≤ 0 at (x 1 , t 1 ). Thus
Section 4
In this section we will prove various gradient estimates for the Dirichlet fundamental solution of the conjugate heat equation.
Let (M, g(t) ), 0 ≤ t ≤ T , be a complete noncompact n-dimensional manifold, n ≥ 2, with metric g(t) evolving by the Ricci flow (0.1) which satisfies
for some constant k 0 ≥ 1. Similar to section 2 we let Z(x, t; y, s), 0 ≤ s < t ≤ T , be the fundamental solution of the heat equation in M × (0, T ).
Let Ω ⊂ M be a bounded domain with smooth boundary ∂Ω. Then there exists a constant H > 0 such that the second fundamental form II of ∂Ω with respect to the unit outward normal ∂/∂ν of ∂Ω and metric g(0) is uniformly bounded below by −H. For any x ∈ Ω let ρ t (x) be the distance of x from ∂Ω with respect to the metric g(t) and ρ(x) = ρ 0 (x). Note that by (0.1) and (4.1) there exist constants Let f , v, be given by
(4.4)
By the maximum principle,
By compactness and an argument similar to the proof of Corollary 4.1 of [CTY] and Theorem 1.2 we have Theorem 4.1. For any α > 1, ε > 0, and 0 < δ 2 ≤ δ, there exists a constant C 1 > 0 depending on k 0 , α, ε and δ 2 such that
where t = T − τ .
Lemma 4.2. There exist a constant 0 < τ 0 < δ 2 and constants C 2 > 0, C 3 > 0, and D > 1 independent of τ 0 such that for any 0 < τ 1 ≤ τ 0 ,
Proof. The left hand side of (i) and (ii) follows by the strong maximum priniciple. By Corollary 5.2 of [CTY] there exist constants C > 0 and D > 1 such that
By the same argument as the proof of Lemma 7.6 of [CTY] there exist constants C 1 > 0 and C 2 > 0 such that
Hence by (4.2), (4.5), (4.7) and (4.8), 1 + 1 (τ n/2 u) 1/4 |∇ u| ∀ρ(x) < √ τ C √ τ 1 + 1 (τ n/2 u) 1/4 |∇ u| ∀ √ τ ≤ ρ(x) ≤ δ (4.14)
holds for any 0 < τ ≤ τ 0 where t = T − τ . We will now let C > 0 be a generic constant that may change from line to line. By Lemma 4.2 and Corollary 4.5, where t = T − τ and (ii) follows. By (4.4) (cf. [Wa] , [C] , and [Ch] ) for any x ∈ Ω \ Ω δ , there exists a unique normalized minimizing geodesic γ x : [0, ρ(x)] → Ω with respect to the metric g(0) such that γ x (0) ∈ 20 ∂Ω, γ x (ρ(x)) = x, and γ (4.17) By (4.14), (4.16), (4.17) and Lemma 4.2 we get (i) and the lemma follows.
By Lemma 4.2, Theorem 4.4, and an argument similar to the proof of Lemma 4.6 we have Theorem 4.7. Then there exists a constant C 6 > 0 depending on k 0 such that
holds for any 0 < τ ≤ T .
